Abstract. In this paper, we estimate the boundary behaviour of the Sibony metric near a pseudoconcave boundary point. We show that the metric blows up at a different rate than the Kobayashi metric.
Introduction
Invariant metrics play an important role in Complex Analysis. Yet many of their basic properties are still unknown. In this paper the authors investigate the boundary behaviour of the Kobayashi, Carathéodory, and Sibony metrics near pseudoconcave boundary points. We show that their growth rates are different. So we work near a boundary point where at least one of the eigenvalues of the Levi form is strictly negative. We let F K , F S , F C denote the Kobayahsi, Sibony and Carathéodory metrics respectively. Our main result is the following: Theorem 1. Let Ω be a bounded domain in C n , n > 1, with C 2 -boundary. Let P be a boundary point which is not pseudoconvex. Let P δ be the point on the inner normal to p at distance δ and let ν be a unit complex normal vector to ∂Ω at P. The estimate for the Kobayahsi metric, Theorem 3, is due to Krantz, see [6] :
In [1] , it is shown that the Kobayashi metric and the Sibony metric are different on a ring domain. Theorem 2 shows that the Sibony metric has actually a smaller blowing up rate than the Kobayashi metric does.
The plan of the paper is as follows. In the second section, we give background information. In the third section, we prove Theorem 2. Theorem 1 is proved in Section 4.
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Background
In this section, we give definitions and properties of the metrics, which are used in later sections. For more detailed discussion of the metrics, refer [4] , [5] , [7] , and [8] .
Let Ω ⊂ C n be a domain, P ∈ Ω, and ξ = (ξ 1 , . . . , ξ n ) ∈ C n . The Kobayashi metric F Ω K (P, ξ), the Carathéodory metric F Ω C (P, ξ), and the Sibony metric F Ω S (P, ξ) are defined as follows:
(1)
where D denotes a unit disc in C, Ω 2 (Ω 1 ) the family of holomorphic mappings from Ω 1 to Ω 2 and A(P, Ω) is the set of plurisubharmonic functions on Ω such that u ∈ A(P, Ω) if u(P ) = 0, u is C 2 near P , log u is plurisubharmonic on Ω, and
The three metrics satisfy the non-increasing property under holomorphic mappings.
Lemma 1.
Let Ω 1 and Ω 2 be domains in C n and C m respectively, Φ : Ω 1 −→ Ω 2 be a holomorphic mapping, P ∈ Ω 1 , and ξ ∈ T P (Ω 1 ). Then we have
The Kobayashi metric and the Carathéodory metric are two extremes of the pseudo-metrics in the sense that if F is a pseudometric defined in such a way that it coincides with the Poincaré metric on the unit disc in C and satisfies (4), then we have
, on any domain Ω. The Sibony metric coincides with the Poincaré metric on the unit disc and satisfies the non-increasing property under holomorphic mappings [8] .
Hence we have (6) F
The Sibony metric is defined as the supremum of the Hessian of certain plurisubharmonic functions (3). Hence we have the following property, which is stated in [8] without a proof. We include the proof for the convenience of the reader.
Proof.
In [6] , Krantz shows the asymptotic behavior of the Kobayashi metric near the inner boundary of an annulus in the normal direction.
Let
and P δ = (p, 0) = (1/2 + δ, 0) and ν = (1, 0).
.
Since the holomorphic convex hull of Ω is
Carathéodory metric on Ω coincides with the Carathéodory metric on B, which we can explicitly calculate using the Möbius tranform of B:
Proof. Let Φ be the Möbius transform of B that maps P δ to 0:
Hence we get
In section 4, we use the localization of the Kobayashi metric and the Sibony metric. We prove the localization of the Sibony metric in section 4 and here we present a proof of the localization of the Kobayashi metric. It first appeared in [7] and later in [3] .
Lemma 3.
Let Ω ⊂ C n , P ∈ Ω, and U be a neighborhood of P . If V ⊂⊂ U and P ∈ V , then we have
Proof. Let r be such that
Remark 1. The localization of the Carathéodory metric was proved in [3] on a strongly pseudoconvex domain using the existence of the peak function. Theorem 1 does not require the localization of the Carathéodory metric.
Estimation of the Sibony metric on an Annulus
Throughout this section, we let
, where B is a unit ball in C 2 with center 0, P δ = (p, 0) = (1/2 + δ, 0), and ν = (1, 0).
Lemma 4. Let P ∈ Ω and ξ ∈ C 2 be such that the complex line φ(ζ) = P + ξζ does not touch the inner boundary of Ω for all ζ ∈ C. Then F
Proof. By (4) and (6) , it is enough to show that
by finding a holomorphic mapping ψ : B −→ ∆ such that ψ(P ) = P and ψ * (P )ξ = ξ:
where f is a Möbius transformation of B that sends P to 0 and π is the projection of B onto f (∆).
Proof. Let β > 0 be such that the complex line φ(ζ) = P δ + ζ (1, v) , ζ ∈ C, does not touch the inner boundary if |v| > β. We may write ν = (1, 0) = (1/2, v) + (1/2, −v) for some v ∈ C such that |v| > β. By Lemma 2, Lemma 4, and (7), we get
Since the above inequality holds for all v ∈ C such that |v| > β, we have
. Now we estimate β: Since φ(ζ) does not touch the inner boundary if |v| > β, we have
Since we have a lower bound on the right hand side of (10) as follows:
we can estimate β from above by finding the condition on |v| such that f (x) = 1/4 + δ − x + |v| m x m > 1/4 for all x ≥ 0. Since f has only one critical point on the positive x-axis, which is (|v| m m) −1/(m−1) , it is equivalent to finding the condition on |v| such that
and therefore
where C is a constant depending on m. Therefore (11) β ≤ C 1 δ 1−1/m and (11) together with (3) proves (8).
Remark 2. For a general tangent vector ν = (a, b) = a(1, 0) + b(0, 1) = N + T we get the inequality F Ω S (P δ , ν)
· · · ≤ m n , P δ = (1/2 + δ, 0, . . . , 0) and ν = (1, 0, . . . , 0), then
It is because the metric on Ω is less than the metric on the slice of Ω:
Proposition 3.
F Ω S (P δ , ν)
Proof. To construct a function u(z, w) giving a lower bound on the Sibony metric, we first find a function which is a candidate for small |w| and then patch with a function of |w| to globalize. For small |w| we take advantage of the fact that |z| > 1/2 − δ/2 to get a function with large derivative in the z direction. We give next the precise construction: Let
and we define a plurisubharmonic function u(z, w) on Ω as follows:
for some small constant c ∈ (0, 1/2), 0 < ǫ << 1, and large constants L, L ′ , which will be defined later.
We shall show that u(z, w) < 0 on Ω, that exp u(z, 0) = e −L ′ f (z) near P δ and that u is plurisubharmonic.
to show that f (z) ≤ Cδ for all z such that 1/4 − c 2 δ < |z| 2 < 1.
Let z = x + iy. Then we have
and
A simple calculation shows that (12)
for c ≤ 1/3, since
Hence if we let L = 200 and c = 1/3, then
Hence the function u(z, w) is a well-defined plurisubharmonic function. Since |w| < 1 on Ω, we may choose L ′ = log(200).
Now we look at a small neighborhood of P δ . If |w| < 1 200
. Hence e u is smooth in a neighborhood of
Hence the lower bound for the Sibony metric follows.
Remark 4. For a general tangent vector
The argument of Proposition 3 goes through with |z ′ | in place of |w|.
Comparison of the metrics on a general domain
We first prove a localization Lemma for the Sibony metric.
Lemma 5.
Let Ω ⊂ C n be a bounded domain. If V ⊂⊂ U are open sets, then we have
. Now we show the other direction. Let
where ǫ > 0 is a very small constant such that ǫ|z − q| 2 ≤ 1/2 for all z ∈ Ω, and L is a large constant that will be chosen later. First we show that v = log(
we have log(u + ǫ|z − q| 2 ) ≥ log ǫ + 2 log δ. We also have log 2|z − q| Hence v is a well defined plurisubharmonic function and for a large constant L, we have v ≤ 0 on Ω.
Proof of Theorem 1
Proof. Since Ω has a C 2 -boundary, we can find a small ball of radius r, B r , that lies outside Ω and that is tangent to ∂Ω at P and a small neighborhood U of P such that Ω ∩ U ⊂ U \ B r . Therefore the lower bound for the Kobayashi metric and the Sibony metric follows from Corollary 1, Theorem 2, Theorem 3, Lemma 3, and Lemma 5. The lower bound for the Carathéodory metric is trivial.
To show the upper bound of the metrics, we look at the slice of the domain. Let Re z 1 be the real normal direction of ∂Ω at P and z 2 be the pseudoconcave direction of ∂Ω at P . Letting P = 0, we may assume Re z 1 − |z 2 | 2 + C|z 1 | 2 < 0 ∩ {z ′ = 0} ∩ U ⊂ Ω ∩ U, z ′ = (z 3 , . . . , z n ), for a sufficiently small neighborhood U of P . The upper bounds for the Kobayashi and Sibony metrics follow by Corollary 1, Theorem 3, Theorem 2, Lemma 3, and Lemma 5. By Hartogs' extension phenomenon, any holomorphic function on Ω can be extended to its holomorphic convex hull, hence to a fixed neighborhood Ω ∪ B(0, r) Therefore F Ω C (P δ , ν) ≤ F Ω∪B(0,r) C (P δ , ν) ≈ 1.
